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Abstract 

We focus in this work to renew the interest in higher conformal spins symmetries and their 
relations to quantum field theories and integrable models. We consider the extension of the 
conformal Frappat et al. symmetries containing the Virasoro and the Antoniadis et al. alge- 
bras as particular cases describing geometrically special diffeomorphisms of the two dimensional 
torus T 2 . We show in a consistent way, and explicitly, how one can extract these generalized 
symmetries from the Gelfand-Dickey algebra. The link with Liouville and Toda conformal field 
theories is established and various important properties are discussed. 
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1 Introduction 



For several years conformal field theories and their underlying Virasoro algebra [1] have played 
a pioneering role in the study of string theory [2], critical phenomena in certain statistical- 
mechanical models [3] and integrable systems [4]. The conformal symmetry is generated by 
the stress energy momentum tensor of conformal spin 2 whose short-distance operator product 
expansion (OPE) is given by 

[Z — WJ 4 (Z — L0) Z (Z — U!) 

Some years ago, Zamolodchikov opened a new issue of possible extensions of the Virasoro algebra 
to to higher conformal spins. Among his results, was the discovery of the W3 algebra involving, 
besides the usual spin-2 energy momentum tensor T(z), a conformal spin-3 conserved current 
[5, 6]. W3-symmetry is an infinite dimensional algebras extending the conformal invariance (Vi- 
rasoro algebra) by adding to the energy momentum operator, T(z) = W2, a set of conserved 
currents W s (z) of conformal spin s > 2 with some composite operators necessary for the closure 
of the algebra. 



In the language of 2d conformal field theory, the above mentioned spin-3 currents of the W3- 
symmetry are taken in general as primary satisfying the short-distance operator product expan- 
sion (OPE) [5, 6] 

T { z)W { u) = f^ + fSf 

w(z) W (u) = j^ + ^ + ^ + j^wm + ^n^)] (2) 

+ (^[^A( W ) + la 3 T(a;)] 

where A(w) = (TT)(u>) — j^d 2 T{uj) and (3 = 2 2+5c • ^his symmetry which initially was iden- 
tified as the symmetry of the critical three Potts model, has also been realized as the gauge 
symmetry of the so-called W3 gravity [7]. Since then higher spin extensions of the conformal 
algebra have been studied intensively by using different methods: field theoretical [8, 9, 10], 
Lie algebraic [11] or geometrical approach [12]. WValgebras are also known to arise from the 
Gelfand-Dickey bracket (second Hamiltonian structure) of the generalized Korteweg-de Vries 
(KdV) hierarchy [13, 14, 15]. In this context, the correspondence is achieved naturally in terms 
of pseudo-differential Lax operators, C n = J^u-n-jd^, allowing both positive as well as nonlocal 
powers of the differential <9 J where the spin-j currents Uj are satisfying integrable non linear 
differential equations. The integrability of these equations can be traced to the fact that KdV 
hierarchy's equations are associated to higher conformal spin symmetries through the Gelfand- 
Dickey Poisson bracket. 
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Another kind of higher conformal spin symmetries deals with the Frappat et al. algebra [16] 
on the bidimensional torus T 2 . This is generated by the infinite dimensional basis set of mode 
operators L^i, k,l G Z verifying the classical commutation relations 

[Lk,u L r , a ] = [m (k - r) - n (l - s)]L k+rjl+a (3) 

where no and mo are two arbitrary parameters. The above algebra has the property of offering 
a unified definition of several extensions of the two dimensional conformal algebra. In fact it's 
shown that the standard Virasoro algebra as well as the Antoniadis et al. algebras [17] are 
special cases of eq(3). Later on, a W3-extended conformal symmetry going beyond the Frappat 
et al. algebra, on the torus T 2 , is proposed in [18] by adding the spin-3 currents. These several 
extended conformal symmetries are important as they are associated to higher diffeomorphisms 
namely diff(T 2 ) extending the standard diffeomorphisms, diff(S' 1 ), involved in the 2c? conformal 
invar iance. 

Note by the way that, contrary to the case of fractional superconformal symmetries, the Frap- 
pat et al. symmetries as well as their W3 extensions consist in replacing the manifold S* 1 by a 
higher dimensional compact manifold A4. This can offer a large framework for studying more 
general extensions of 2(i-conformal symmetries including fractional superconformal symmetries 
and their generalizations [19]. 

The principal goal of this work concerns the study of some non standards properties of higher 
conformal spin symmetries in the bidimensional torus T 2 . This is motivated, in one hand, by the 
increasingly important role that play the infinite-dimensional Lie algebras in the development 
of theoretical physics. Best known examples are given by the Virasoro algebra, which underlies 
the physics of 2d conformal field theories (CFT) and its W^-extensions. On the other hand, 
it's today well recognized that 2d conformal symmetry and it's Wk higher spin extensions are 
intimately related to the algebra of diff(S' 1 ) and diff(T 2 ) respectively. Therefore, we know that 
2o?-conformal symmetry and the KdV integrable model are intimately related in the standard 
diff(S' 1 ) framework. Such relation is shown to arise from the second hamiltonian structure of 
the KdV integrable system reproducing then the classical form of the Virasoro algebra. 

One wonder whether the area preserving diffeomorphisms on T 2 can be related to integrable 
hierarchy systems in the same spirit. In this context, and after a setup of our conventional nota- 
tions and basic definitions, we develop a systematic analysis leading to an explicit derivation of 
the Gelfand-Dickey Poisson bracket. This is based on the theory of pseudo-differentials opera- 
tors characterized by the following diff(T 2 )-non standard Lax differential operators {logH, } n + 

n-2 

J2 u n -i(z,uj){logH,y , where the derivation is given by the hamiltonian vector field = 
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{logH, } playing in diff(T 2 ) the same role of the derivation d z in difF(S' 1 ). The particular KdV- 
like Lax differential operator + -u 2 associated to the KdV equation is compatible with the 
conformal-invariant Liouville-like differential equation {logK, {logH, <fi}} = e^. The compati- 
bility is assured once the current ui(z, u), shown to satisfy the following KdV-like non linear 
differential equation ^ = ^U2{logH,U2} — \{logH, U2}^\ behaves under a bicomplex change 
of coordinates like the stress energy momentum tensor on the bidimensional torus T 2 namely 
T(z,uj) = —{logH,(j)}W — {logH,(f)} 2 . Several important properties are discussed with some 
concluding remarks at the end. 

2 Bianalytic fields on the torus T 2 

In this section we give the general setting of the basic properties of the algebra of bianalytic 
fields defined on the bidimensional torus T 2 . 



1) We start first by noting that the ring 1Z of conformal fields defined on the bidimensional 
torus T 2 , and transforming as primary fields under a special subalgebra of diff(T 2 ) , can be 
thought of as a generalization of the ring of the Virasoro primary fields of the 2d real space 
R 2 £3 C. The two dimensional torus T 2 is viewed as a submanifold of the 4d real space R 4 ss C 2 . 
It is parametrized by two independent complex variables z and u> and their conjugates z and 
to satisfying the constraint equation zz = ujuj = 1. Solutions of these equations are given by 
z = e m9 ,u> = e %m ^ where n and m are two integers and where 6 and ip are two real parameters. 

2) We identify the ring 1Z of bianalytic fields on T 2 to be 1Z = the tensor algebra of 
bianalytic fields of arbitrary conformal spin. This is a an infinite dimensional 50(4) Lorentz 
representation that can be written as 

^ = © fc6 z£gg (4) 

where the E^'^'s are one dimensional 5*0(4) irreducible modules corresponding to functions of 
bianalytic conformal spin (k, k). The upper indices (0,0) carried by the spaces figuring in eq(4) 
are special values of general indices (p, q) to be introduced later on. The generators of S^'^ 
are biperiodic arbitrary functions that we generally indicate by f(z,uj). These are bianalytic 
functions expanded in Fourier series as 

f(z,U>)= Yl fnmZV, d- z f = d Q f = (5) 

n,mdZ 

where the constants f nrn are the Fourier modes of /. This is nothing but a generalization of the 
usual Laurent expansion of conformal fields on the complex plane C. Note by the way that the 
integ ers Ti and tji Ccixriecl by the Fourier modes fnm 

are nothing but the £7(1) x £7(1) Cartan 
charges of the 50(4) w 5£7(2) x SU(2) Lorentz group of the Euclidan space R 4 . Bianalytic 
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functions on C 2 carrying U(l) x U(l) charges r and s as follows 

f(r,,)(z,w)= E fn m z n ~ r u; m - s ;, r,s&Z, (6) 

n,m£Z 

such that the eq.(5) appears then as a particular example of eq(6). Note also that we can define 
the constants on 1Z as been /(o,o) such that 

d z ,zf 0,0 = = 5^/(0,0) • ( 7 ) 

The coefficients f nm are given by 

fmn = f ^—^f ^- m+ - l+S hr,s) (*,*), (8) 

CI C2 

where ci x c 2 is the contour surrounding the singularity (z, u) = (0, 0) in the complex space. 

3) The special subset C 7£ is generated by bianalytic functions f\k,k), k > 2. They 
can be thought of as the higher spin currents involved in the construction of the VF-algebra on 
T 2 [18]. As an example, the following fields 

W {2 ,2) = « (2)2) (z,o;) (9) 
^(3,3) = u (3,3)(z,uj) - z{logH,u {2)2) } 

are shown to play the same role of the spin-2 and spin-3 conserved currents of the Zamolodchikov 
Ws algebra [5, 6]. Next we will denote, for simplicity, the fields u^ k ^(z,u>) of conformal spin 
(k,k), k € Z simply as Uk{z,uo). The function \og(H) will be also described later. 

4) The Poisson bracket on T 2 is defined as follows 

{f,g} = d z fd u g-d z gd u f (10) 

with {z,uj} = 1. We denote {/, .} = and £ f .g = {f,.}.g = {f,g} + g{f,.} equivalently this 
shows how the Poisson bracket on the torus can play the role of a derivation. For convenience 
we will adopt the following notation = £i og H as been the hamiltonian vector field operator 
associated to the arbitrary function H. This hamiltonian operator is shown, in the present 
context of T 2 , to replace the standard derivation d z describing the basis of differential operators 
on the circle S 1 . We have also 

{logH, .} o / = £ H .f = {logH, /} + f£ H (11) 

showing a striking resemblance with action of S^-differential operators , 

df = f' + fd; f' = (df) (12) 

Later on the differential operators that will be used are simply integer powers of £h subject to 
the following rule 

= ( 13 ) 
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5) We introduce new form of the differential operators associated to the symmetry of T 2 . Before 
that we have to consider the following conventions notations [15]: 

a) £^' s) : This is the space of differential operators of conformal weight (n, n) and degrees (r, s) 
with r < s. Typical operators of this space are given by 

s 

5> n _ fe (z,u;)d (14) 

k=r 

This is the analogue of diff(S' 1 ) operators 

i2 u n-kd k (15) 

k=r 

b) Sl°' 0) C K: This space describes the conserved currents u n (z,uj). 

c) £^'' fe) : Is the space of differential operators type, 

u n - k (z,u)&. (!6) 

d) The residue operation: Res 

ResUCu 1 ) = f- (17) 

6. To summarize, we give here bellow a table containing the essential properties of the mathe- 
matical objects involved in diff(T 2 )-higher conformal spin symmetries analysis 

Objects O The conformal weight \0\ 

z, co, d z , \z\ = (-1, o), m = (o, -l), \a z \ = (i, o), |cy = (o, i) 

Lk,i \ L k,l\ = {~k, -I) 

T{z,lo)^W 2 {z,lo) \T{z,u)\ = (2,2) 

W s (z,u>),s = 2,3,... \W s (z,lo)\ = (s,s) (18) 

{/,5} (fe) = {/,{/, •••{/, 9} \{f,9} {h) \ = (k,k) + k\f\ + \g\ 

v ' 

k 

{f\g} k = {/,<?}■•■{/, <?} \{f,g} k \ = (k,k) + k\f\ + k\ g \ 

S v ' 

k 

£ H = {logH,.} 1^1 = (1,1) 

Res \Res\ = (1,1) 
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3 Higher conformal spin symmetries on T 2 

3.1 The Prappat et al. conformal symmetry 

This is the algebra generated by the infinite dimensional basis set of mode operators L kj i, k,l G Z 
satisfying the classical commutation relations (without central extension) 

[L k j, L r>s ] = [m (k - r) - n (l - s)]L k+r j +s (19) 

where no and mo are two arbitrary parameters. The above algebra has the property of offering 
a unified definition of several extensions of the 2d conformal algebra. Here with some particular 
examples: 

1. The Virasoro algebra 

Setting for instance mo = 1 and no = I = s = 0, we get the classical Virasoro algebra 

[L k , L r ] = L k+r + j^Hk ~ l)<W,o ( 20 ) 
for vanishing central charge c = 0. 

2. The Antoniadis et al algebra 

Setting now m = s and uq = r one recover the Antoniadis et al algebra given by 

[L kj i, L r:S } = [ks - lr]L k+r j +s (21) 

3.2 The W3 generalization 

Since the Frappat et al. algebra is relevant in describing geometrically special diffeomorphisms of 
the two dimensional torus T 2 and extend successfully the known symmetries namely the Virasoro 
and the Antoniadis ones, we focussed in previous works [18] to go beyond this extension and 
improve it much more. In fact the central charge as well as the W3-extension of the Frappat et 
al. algebra on T 2 are built. The first important contribution of [18] consists in computing the 
missing central charge of the Frappat et al. algebra, we find 

c(k,l,m ,n ) = — ) [ [m (k - j) - n (l - j)]S k+r S l+s (22) 
iZ j=o,± 

The second important contribution deals with the derivation of the W/3-extension of the Frappat 
et al. algebra. This is generated by the mode operators L k j and W k i and reads as 
[L k ,i, W r ,s] = [m (2r - k) - n (2s - l)]W k+r j +s 

[W k ,i, W r:S } = [m (k - r) - n (l - s))(aL k+rHs + (3k k+rHs ) (23) 
+ 3§o Ilj=o,±i[ m o(k - j) ~ n (l - j)]5 k+r 5i +s 

where /3 = 2 2+5c anc ^ " = «i + «2 with 

ai = ±{m (k + r + 3) - n (l + s + 3)][m (k + r + 2) - n (l + s + 2)], 

a 2 = ^[mo(fc + 2)-no(i + 2)][mo(r + 2)-no(a + 2)], (21) 
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and where A/, +r ^ +s is a composite operator given by 

3 

Afc+r,/+s = ^ ('■ Li y jLk+ r -i,l+s-j ■ — Y^OliLk+r,l+s) (25) 

i,jez 

The important remark at this level is that this derived diff(T 2 ) extended W"3-algebra contains the 
well known diff(S' 1 ) Zamolodchikov W3 algebra [5] as a special subalgebra obtained by setting 
no = and tuq = 1. This new symmetry eqs. (23-25) which extend also the Antoniadis et al. 
algebra eq.(21) offers moreover a unified definition of several generalizations of the two dimen- 
sional W3 algebra exactly as do the Frappat et al. algebra with respect to the Virasoro symmetry. 

In the OPE language, we introduce a bianalytic conserved current T(z,uj) defined on the bi- 
complex space C 2 parametrized by the complex variables z and u and their conjugates z and u. 
The particular field T(z,u), generalizing the 2d energy momentum tensor expands in Laurent 
series as 

T(z, oj) = ]T z- k - 2 u- l - 2 L Kl ; d- z T = d Q T = (26) 

k,l€Z 

or equivalently 

CI C2 

where c\ x C2 is a contour surrounding the singularity (z, uj) = (0, 0) in the complex space. The 
OPE analogue of the extended Virasoro algebra eqs. (19) and (22) is given by [18] 

T(1)T(2) = -| (logH, -J— j (3) + 2 I LogH, -^—) T{2) + {LogH, T(2)} (28) 

12 L ^12^12 J I ^12^12 J ^12^12 

where we have set T(k) = T(zk,uJk) for short and where H = H(z, to) is an arbitrary bianalytic 
function in C 2 . A particular choice of this arbitrary function leading to eqs. (19) and (22) is 
given by H(z,u) = z~ n °uj~ mo . 

Note that the symbol {,} appearing in eq.(28) is the usual Poisson bracket defined, for any 
pair of bianalytic functions f(z,u) and g(z,uj), as 

{f,9} = d x fd u g-d u fd x g (29) 

with the following property 

U,<?} (3) ={/,{/,{/, 9}}}, (30) 

Note moreover that in establishing eqs. (19) and (22) from the OPE eq.(28) one finds the following 
expression 

[Lk,u L r,s] = ((s - - Si-( r " k))L k+r j +s 

+ tI rii=o,±(( fc _ i)f^f ~ ( l ~j)^m^j) 
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The W3 extended symmetry is generated by a conserved current W(z, uj) of conformal weight 
h z ,ui = (3,3). This is simply seen at the level of the energy-momentum tensor T(z,uj) who 
transforms under the bianalytic coordinate change in C 2 

z— >t(z,u), uj — > a(z,uj) (32) 

as follows 

T(z, uj) = (d z T) 2 (d^) 2 f(z, uj) + ^S(z, uj, r, a) (33) 
where S(z, uj, t, a) is the Schwartzian derivative given by 

S{z,uj,t,<j) = {logHJogidzrdu*)}® - \[{logH,log(d z Td u (j)}) 2 (34) 

One easily observe that the conformal current T exhibits a conformal weight h ZU} = (2, 2). 

In the OPE language , the W3 extension of the FRSTH algebra read in addition to the eq.(28) 

as 

T(1)W(2) = 3{logH,^}w(2) + {logH,W(2)} ZJ ^ r2 , 

W(1)W(2) = ^{logH^f\\{logH^f ] T{2) 

+ 15^ ilo 9 H,T(2)}^ + 1 {logH, ^} (2) {logH,T(2)} (35) 
+T {lo 9 H^}{logH : T(2)}V 

+^ Z^} A ( 2 ) + & i l °9H, A(2)} ^ 



^12212 

where 

3.3 Diff(T 2 ) Conformal transformations 

Consider an arbitrary finite and bianalytic coordinate change: 

z — > z = u(z, uj) 

UJ — > UJ = t(z, Uj) 



(36) 



(37) 



Under this symmetry, the functions fu s )(z,Lo) transform as: 

f(r, s )(z,uj) = (^cr) r (a a; r) s / (riS) (o-,r) (38) 

For an infinitesimal variation 



z = z-B 
uj = uj + A 



(39) 



where A(z,uj) and B{z,uj) are two arbitrary bianalytic functions of the U(l) x U(l) charges 
(0, —1) and (—1,0) the same as uj and z respectively, we have 

6f {r , s) (z,uj) = V(A,B)f {r . s) + (sd u A - rd z B)f (r . s) (40) 

where the vector field V(A, B) = Ad^ — Bd z , obeys the Lie algebra of diffeomorphisms diff(T 2 ) 
namely 

[V(A 1 ,B 1 ), V(A 2 , B 2 )] = V(A, B) (41) 
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with 

A = (iAi 2 -M5 2 )-(l«2) 

B = (A 1 d U) B 2 -B 1 d z A 2 )-(l~2) ^ Z > 

In the case of diff(S' 1 ), corresponding to set A = and B / (resp. B = and i / 0) 
the functions /( r )S ) behaves as a two dimensional conformal objects of weight h = r ( resp. 
h = s). However the situation, in which both A and B are non vanishing independent bianalytic 
functions, leads to see /( r s ) as a conformal field of diff(5 1 )x diff(S' 1 ). Note however that diff(T 2 ) 
is a special case of diff(S' 1 ) x diff(S' 1 ) corresponding for example to set r = s at the level of eq(40) 
and choose the functions A and B to transform as 

A = A{?&) 

(43) 

B = 

where A and H(z,u>) are respectively arbitrary bianalytic functions of U(l) x U{\) charges 
(— 1, —1) and (no, mo) with no, mo € Z. Note by the way that setting A = H, one discovers the 
area preserving diffeomorphisms algebra of the torus studied in [17, 20]. Further, by imposing 
the constraint 

d UJ H = but d z H^0, (44) 

and vice versa d w H ^ but d z H = 0, the equations reduce to a conformal variation of one of 
the two Diff(S 1 ) subgroups of diff(T 2 ). We shall consider hereafter the case (dz^^d^H) ^ 0. 
With the choice eq(40), eq.(43) takes the following remarkable form : 

Sf r = A {log H, f r } + r {log H, i} f r , (45) 

where we have set f r = f( r , r ) f° r short and where we have used the Poisson bracket defined as: 

{log H, G} = (d z log H)d u G - (d u log H)d z G. (46) 

It is interesting to note here that eq.(45) exhibits a striking resemblance with the conformal 
transformation of a two-dimensional primary field of conformal weight h = r. This is why we 
refer to the set 1Z of bianalytic functions transforming like eq.(45) as been the ring of conformal 
fields on the torus T 2 . Elements of this ring are then primary fields on C 2 defining highest 
weight representations of the conformal algebra on the torus. 

4 Higher spin symmetries from the Gelfand-Dickey analysis 

We describe here the basic features of the algebra of arbitrary differential operators, refereed 
hereafter to as S, acting on the ring 1Z of analytic functions on T 2 . We show in particular that 
any such differential operator is completely specified by a conformal weight 2 (n, n), n € Z, two 
integers r and s with s = r + i, i > defining the lowest and the highest degrees, respectively, 
2 For a matter of simplicity we denote objects X( n n ) of conformal weight \X^ n ^ \ — (n, n) simply as X n 
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and finally (1 + r — s) = i + 1 analytic fields Uj(z,u). Its obtained by summing over all the 
allowed values of spin (conformal weight) and degrees in the following way: 

s = e r < s © n6Z (47) 

with S( n n ) = S n . Note that the space £ is an infinite dimensional algebra which is closed under 
the Lie bracket without any condition. A remarkable property of this space is the possibility to 
introduce six infinite dimensional classes of sub-algebras related to each other by special duality 
relations. These classes of algebras are given by with s = 0,+,— describing respectively 
the different values of the conformal spin which can be zero, positive or negative. The ± upper 
indices stand for the sign (positive or negative) of the degrees quantum numbers, for more details 
see [15]. 

4.1 Setup of the GD integrable analysis on T 2 
4.1.1 The space s£"' s) 

To start let's precise that the space S^"' 8 ^ contains differential operators of fixed conformal spin 
(n, n) and degrees (r,s), type 

4 r ' a V) = £«n-i(*,")°&, (48) 

i=r 

These are £ff's polynomial differential operators extending the hamiltonian field = {logH, }. 
Elements Cn^ (it) of are a generalization to T 2 of the well known 2 nd order Lax differential 
operator d 2 + v,2(z) involved in the analysis of the so-called KdV hierarchies and in 2d integrable 
systems on the circle S 1 . The second order example of eq.(48) reads as 

C2 = f H + U2, (49) 

and is suspected to describe, in a natural way, the analogue of the KdV equation on T 2 . More- 
over, eq.(48) which is well defined for s > r > may be extended to negative integers by 
introducing pseudo-differential operators of the type k > 1, whose action on the fields 
u s (z,lo) is given by the Leibnitz rule. It is now important to precise how the operators Cn' s \u) 
act on arbitrary functions f(z,u>) via the hamiltonian operators 

Striking resemblance with the standard case [14, 15] leads us to write the following Leibnitz 
rules for the local and non local differential operators in 

n 

e H f(z,co) = j2<{iogH,f}^e H - s , (so) 

s=0 

and 

oo 

Q n f(z, w) = E(-) s < +s _ 1 {Zo 5 i7, /}^G n_S (51) 

s=0 
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where the k th -order derivative {logH, f}^ = {logH, {logH, ...{logH, /}...}} on the torus T 2 is 



k times 



the analogue of f^ = the kth derivative of / in the standard case. Special examples are 
given by 

£W = {logH,f} + fZ H 

e H of = {logH,f}W+2{logH,f}Z H + fe H 

e H of = {logH,f}^+3{logHJ}( 2 ^H + HlogH,f}e H + fe H ^ 

& o f = {logH, /}( 4 ) + 4{logH, /}( 3 )^ + 6{logH, /}( 2 )^ + 4{logH, f}& + ft* 



and 



= f {logH, f}C 2 + {logH, fj^C 3 - {logH, f}&C* 
Cu°f = f ^ H 2 -2{logH, f}C 3 + 3{logH,f + ■ ■ 

G 3 °/ = fQ 3 -S{logH,f}r 4 + ... 



(53) 



As can be checked by using the Leibnitz rule, one have the expected property 

&.&f(z,u) = f(z,u) (54) 
A natural representation basis of non linear pseudo-differential operators of spin n reads as 

V^ q) M = ]T u n . t (z, «,)&, P <q<-1 (55) 

i=p 

This configuration, which is a direct extension of the local Lax operators Cn' S \u) eq.(48), 
describes nonlocal differential operators. Later on, we will use another representation of pseudo- 
differential operators, namely, the Volterra representation. The latter is convenient in the deriva- 
tion of the Gelfand- Dickey (second hamiltonian structure) of higher conformal spin integrable 
systems. Note by the way that the non local Leibnitz rule eq.(51) is a special example of the 
Volterra pseudo-operators as we will show in the forthcoming sections. 

4.1.2 The algebra of differential operators £ 

This is the algebra of differential operators of arbitrary spins and arbitrary degrees. It's obtained 
from £&" ,s) by summing over all allowed degrees (r, s) and conformal weight (spin) n in the 
following way 

s = e r < s e nez s^). (56) 

S is an infinite dimensional algebra which is closed under the Lie bracket without any condition. 
A remarkable property of this space is the possibility to split it into six infinite dimensional 
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classes of sub-algebras given by T>f, with s = 0, + , — . These classes of algebras are describing 
respectively the different values of the conformal spin which can be zero, positive or negative. 
The ± upper indices stand for the sign (positive or negative) of the degrees quantum numbers. 
They are related to each other by conjugation of the spin and degrees. Indeed, given two integers 
s > r, it's not difficult to see that the spaces £( r,s ) and £(~ 1 ~ r, ~ 1 ~ s ) are dual with respect to 
the pairing product (., .) defined as 

{c (r,s)^ip, q)) = 5l+r+qfi5l+s+pfiRes[C ^)oVM] (57) 

where the residue operation Res is given by 

Res[uj^ H ] = u-i(z,lu) (58) 

As signaled previously, the residue operation Res carries a conformal weight (—1, — 1). 

Note by the way that the Uj's currents should satisfy a conformal spin's duality with respect 

the following "scalar" product 

< u k , ui >= Sk+i,i J dzdujui- k (z,Lo)u k (z,Lo) (59) 

By virtue of this product the one dimensional spaces S^ 0,0 -* and s[°^ are dual to each other. 
This leads then to a splitting of the tensor algebra £( 0,0 ) into two semi-infinite tensor subalgebras 
S?' 0) and I 
here below 



E^' -* and £^°' ' ) , respectively characterized by positive and negative conformal weights as shown 



ft(0,0) ft(0,0) 
^+ — ©fc>0^fe 

(60) 

^°' 0) = e fe> o£K 

We learn in particular that Sq ' ^ is the dual of The previous properties shows that 

the operation <,> carries a conformal weight | <, > | = ( — 1,-1), consequently this is not a 
convenient Lorentz scalar product. We need then to introduce a combined Lorentz scalar product 
<<, >> built out of <, > eq.(59) and the pairing product (, ) eq(57) such that | <<, >> | = (0, 0) 
as follows 

« D$ a \DM »= 8 n+m ,oS 1+r+q , 8 1+s+p ,o J dzRes[Dt s) x £>l"^" s ' _1 " r) ] (61) 

With respect to this combined scalar product, one sees easily that the subspaces Eo+ and 

£ |- are dual to S , So- an d respectively. The symbol E_| correspond for example to 

Lax operators on T 2 with positive conformal spin and negative degrees while So+ corresponds to 
Lorentz scalar operators of positive degrees. We conclude this section by making the following 
remarks: 

1. S ++ is the space of local differential operators with positive definite conformal weight and 
positive degrees. 

2. E is the Lie algebra of non local differential operators with negative definite conformal 
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weight and negative degrees. 

3. These two subalgebras £±± are used to built the Gelfand- Dickey second hamiltonian 
structure of integrable systems on the Torus T 2 . 

4.2 W n symmetries from the E ++ © £ algebras on T 2 

4.2.1 The £ algebra in the Volterra basis 

The Lie algebra £ discussed previously is in fact isomorphic to the maximal algebra of arbi- 
trary negative definite conformal spin and pure non local pseudo-differential operators £^ °°' ^ ■ 
In the Volterra representation a generic elements of this algebra is given by 



r(-oo,-i )(v) = £ a{m) r^'- 1} (v), (62) 

m=0 

where only a finite number of the coefficients a(m) is non vanishing and where 



-,(-00,-1) 



H = J2^H °Vj- m {z,u) (63) 
j'=i 



More generally, given two integers r and s with r > s > 0, one can built new kinds of coset 
subalgebras £^ r ' ^ whose generators basis are given in the Volterra representation as 

r^-%] = ir / t- j ov j _ m (z,u;) (64) 

j=s 

The number of independent fields Vj(z, u) involved in the above relation is equal to (1+r — s) and 
corresponds then to the dimension of £L„ s ^ ■ Note moreover that with respect to the combined 
scalar product <<, >> eq.(61), the subspace £*i r ' ^ is nothing but the dual of £^ +1 ' r+1 \ 

Now, given two differential operators £m'^M and T^J q ' 1 p \v] belonging to £m'^ and 
£L n 1 9 ' 1 P ^ respectively, their residue pairing reads as 

Res[C<% q) orL- 1 -*'- 1 ^] = X> m _,(z,a,M +1 _ n (z,u;) (65) 

The conformal weight of the r.h.s. of the previous equation is (1 + m — n, 1 + to — n) where the 
values m and (— n) are the contributions of the operators Cm' q \u] and rLJ g ' 1 ^H- 

4.2.2 The Gelfand-Dickey algebra on T 2 

We show in this section how one can derive the algebra of higher spin currents from the so- 
called Gelfand-Dickey algebra on the torus T 2 . This can be done following the same lines of the 
standard si„-GD algebra on the circle S 1 [14, 15]. The first steps concerns the use of the algebra 
£ ++ with the particular differential operators 

n 

4°' n) M=E^H (66) 
i=0 
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We consider then the (n + 1) fields Uj(z,u>) of conformal weight < j < n, involved in 

this equation as the coordinates of a (n + 1) dimensional manifold M n+1 . Let's denote by T 
the space of differentiable functions on M n+1 of arbitrary positive conformal spin. We have 

T = @ k&N F k (67) 

Note that elements F k of J- k , for k a positive integer, depend on the Uj(z,o;)'s and carry in 
general a conformal spin index k 

F k [u] = F k [u (z,Lu), ...,u n (z,uj)] (68) 

The functional variation of these objects reads as 

6F k [u(z,co)] = [ dz'djjZiSu^z^J) 5 ^^ } (69) 

J j = Q 0U j \ Z ) U ) 

A special example consists in setting F k [u(z,u>)] = Uk{z,uj), with < k < n, we get 



/n 
dz' du)''^^{5jk5{z — z')5(u! — u>')5uj(z' , u>')} (70) 
-■=o 

SF k [u(z,u)] 



3=0 

showing among other that 

(71) 



6uj(z', uo') 

behaves as a (k + 1 — j, k + 1 — j) conformal weight object. Since we are focusing to derive W n 
symmetries with (n — 1) independent conserved currents on the torus T 2 associated formally to 
an sl n -Lie algebra, one have to impose strong constraints on the spin-(0, 0) and spin-(l, 1) fields 
uq and u\ . This leads then to a reduction of the (n + 1) dimensional manifold A / f^ ra+1 ^ to an 
(n — l)-dimensional submanifold M^ 1 ^ . Consistency gives 

n = 1, ui = (72) 

The Lax operator eq.(66) reduces then to 

4°-">[«]=&+X;«n-i& (73) 
i=0 

Consider next the residue dual of the Lax differential operator eq.(73). This is a pseudo- 
differential operator which has degrees (—1 — n, 1) but unfixed conformal spin, say (k — n, k) an 
integer. These pseudo-operators reads in terms of the functions F k [u(z, uj)] as 

C nrl) [f] = E^°%^(^) (74) 

where the v k+ j^ n (z, w)'s with 1 < j < n — 1 are realized as 

5F k [u(z,uj)} 

V k+j - n (Z, u) = — — - (75) 

Su2 + n-j{Z' 
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Note that the fields v^+i and define the residue conjugates of u and u\ respectively. The 
explicit determination of the pair of v's fields requires the solving of the following constraint 
equations 

Res[C { n ,n ' oTl_~ n, ~ >] = Y, u n -i(z,u)v i+k+1 - n (z,u;) 

i=0 

(76) 

flesri M orS: 1 B " ,, '" 1) [G]] = 
Algebraic computations lead to 

Vfc+i = 

( 77 ) 

v k = ;E EW(j-t - l)(-iy +1 cjK_, x ^l^- 1 ), 
i=i '=o 

as a solution of eqs.(76) respectively, where H(j) is the Heaviside function defined as 

^(j) "{ ^ elsewhere 

Now given two functionals -Ffcfu] and G/[it] depending on the currents UQ,...,u n with uq = 1 
and «i = as well as corresponding pseudo-differential operators in the Volterra representation 
rl "L and rf * ^[G]. With these data, the Gelfand-Dickey bracket reproducing the 

second hamiltonian structure of integrable systems is given as follows 

{F fc [l],Q[2]} £ ,o,„) = J dzd^Res[V^ 1 \c,T)oTt l n n ^ l) ] (79) 

where we have used the following notation Fk[u(z\, u\) = F^l] and Gi[u(z2, 0J2) = Gi[2] with 
the definition 

<'f r) = 4°'") o (it 1 ^- 1 ) o 40,n) )+ _ (£ (0,n) Q rfc^'" 1 ))* o ^.n) (8Q) 

As usual, the suffix (+) stands for the restriction to the local part of the considered operation 
(positive powers of £ 3 H ). One shows after a straightforward, but lengthy computations, that the 
previous Gelfand-Dickey bracket reduces to the following important form 

where the operator T>(n, i, j, z',u', u) is a nonlinear local differential operator of conformal weight 
\D\ = (2n — 1 — i — j, 2n — 1 — i — j). The knowledge of this operator is a central steps towards 
computing the Gelfand-Dickey bracket. It's explicit determination is a tedious work and we will 
avoid the presentation of all our calculus and restrict our self to the global forms leading to the 
extended higher conformal spins symmetries on the torus T 2 . 

First of all, we have to underline the important situation for which we can set F], = u& and 
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Gi = ui with 2 < k, I < n. The basic Gelfand-Dickey brackets associated to the higher spin sym- 
metries (conformal and W-extensions) expressed in terms of the canonical fields Uj,2 < j < n 
are given as follows 

{u k [l],ui[2]} G D = T>(n,n- k,n- l,u)S(zi - z 2 )8{u)i - lo 2 ) (82) 

It's easily seen that T>{n, n — k, n — I, u) is a nonlinear differential operator of conformal weight 
\D{n,n — k,n — l,u)\ = (k + l — l,k + l — 1). The particular examples that we are interested in 
concern the conformal and W 3 symmetries associated respectively to the restriction of the order 
of the Lax operators to n = 2 and 3. For n = 2, we have k = I = 2, the unique Poisson bracket 
corresponding the the classical version of the conformal symmetry in T 2 is given by 

{u 2 [1},u 2 [2}} gd = V(2,0,0,u)S(z 1 -z 2 )S(lo 1 -u 2 ) (83) 

and the differential operator V(2, 0, 0, u) takes the following form 

V(2, 0, 0, u) = ^ 3 h + ?Mz, + {logH, u 2 } (84) 

This is a third order differential operator extending the one appearing in the classical version 
of the Virasoro symmetry. For the nearest values of z and z', the conformal algebra eqs. (83-84) 
reads as 

{« 2 [1],«2[2]} G £> = [u 2 (z,oj) + u 2 (z\oj')]{logH,5(z-z')5(u-u')} + ^{logH,5(z-z / )5(oj-oj')}^ 

(85) 

where {logH,5(z - z')5(lo - u/)} (3) = {logH, {logH, {logH,5(z - z')6(u - uj')}}} is the third 
order derivation of S(z — z')5{uj — uj'). eq.(85) corresponds then to the classical version of the 
Virasoro algebra on T 2 . Remark that the central charge corresponding to this algebra is c = 6, 
this is inherited from the simple choice of uq = 1. If one choices the Lax operator to be 

n-2 

4°' n) N = I® + E u ^h, ^th n = I (86) 

i=0 

in this case the bianalytic Virasoro algebra becomes 

{u 2 [l], u 2 [2}} = [u 2 + u 2/ ]{logH, 5{z - z')5{u - J)} + ^{logH, 5(z - z')5{u - w')} (3) (87) 

Similarly, the VFs-extension of the Frappat et al. symmetry on T 2 is obtained from the 
generalized Gelfand-Dickey bracket eq(82) and gives for n = 3 three brackets associated to the 
fields u 2 and 113 as follows 

{u 2 [l],u 2 [2]} GD = P(3, l,l,u)S(z 1 - z 2 )5(u>i -u 2 ) 

{u 2 [l],u 3 [2]} GD = V(3,1,0,u)8(z 1 -z 2 )8(lu 1 -lo 2 ) (88) 

{u 3 [l],u 3 [2}} GD = V(3,0,0,u)S(z 1 -z 2 )S(u 1 -u 2 ) 
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where 

X>(3,1, = 2^ H + 2u 2 £ H + {logH,u 2 } 

D(3, 1, 0, u) = - u 2 e H + (3n 3 - 2{logH, u 2 })£h + 2{/o 5 tf , u 3 } - {logH, u 2 }( 2 \ 

P(3, 0, 0, u) = - t«2& " 3{/o^, u 2 }& + (2{Zo 5 tf , u 3 } - 2{Zo 5 fr, u 2 }( 2 ) - §« 2 U2^H 

+ ({Zo^tf , u 3 } (2) - l{logH, u 2 }^ - lu 2 {logH, u 2 }) 

(89) 
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5 Concluding Remarks 



We presented in this paper some important aspects of higher conformal spin symmetries on the 
bidimensional torus T 2 . These symmetries, generalizing the Frappat et al. conformal symme- 
tries by adding currents of conformal spin 3 in a non standard way, are also shown to be derived, 
in their semi-classical form, from the Gelfand-Dickey bracket that we are computing explicitly 

We underline at this level that the obtained W3 extension of the Frappat et al. confor- 
mal symmetry on T 2 exhibits many remarkable features. The first one concerns the intro- 
duction of new kind of derivation inherited from diff(T 2 ) and that takes the following form 
£h = {logH, .} = d z logHd w — d u logHd z for arbitrary bianalytic function H(z,u>). These loga- 
rithmic derivatives, corresponding to Hamiltonian vector fields, are central in the present study 
as they are assuring a consistent description of diff(T 2 ) symmetries. Besides it's diff(T 2 ) invari- 
ance origin, the vector field £h is very useful as it can join in a compact form the bi-complex 
derivatives d z and d^. Note that for functions H living on a n-dimensional torus T n , the loga- 
rithmic derivative can be written as 

n 

{logH,}= ]T WdilogHdj (90) 

where H = H(z±, z n ,u\, ...,w n ) and Qij = - is the usual n x n antisymmetric matrix. 

The second crucial remark concerning the derived Gelfand-Dickey algebra is that the nth order 
local differential operator used is of the form 

n-2 

4 ' B) [«] = & + E«»-<& ( 91 ) 

i=0 

This is a Lax operator belongings formally to the yl-series of simple Lie algebra and having 
(n — 1) coordinates functions {uk, k = 2,3, ...n}, where we have set uq = 1 and u\ = 0. This is a 
natural generalization of the well known differential s^-Lax operator Cxdv = + u 2 associated 
to the diff(T 2 )-KdV integrable hierarchy that we will discuss later [22]. 

We have to underline that the s/„-Lax operators play a central role in the study of integrable 
models and more particularly in deriving higher conformal spin algebras (VF^-algebras) from 
the extended Gelfand-Dickey second Hamiltonian structure. Since they are also important in 
recovering 2d conformal field theories via the Miura transformation, we are convinced about the 
possibility to extend this property, in a natural way, to diff(T 2 ) and consider the T 2 -analogues 
of the well known 2d conformal models namely: the s^-Liouville field theory and its s/„-Toda 
extensions and also the Wess-Zumino-Novikov-Witten conformal model. For instance, consider 
the KdV Lax operator that we can write by virtue of the Miura transformation as 

C Kd v = & + «2 (2, w) = (£ H + {logH, 4>}) x (£ H ~ {logH, </>}) (92) 
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where <p is a Lorentz scalar field. As a result we have 

u 2 = -{logH,<f>}W - {logH^} 2 



(93) 



which should describe the classical version of the stress energy momentum tensor of conformal 
field theory on the torus T 2 . Using C x C bicomplex coordinates language, we can write 

T(z, lo) = u 2 (z, lo) = -{logH, ^ - {logH, 0} 2 (94) 

where {logH,fa}^ is the second order derivative of the Lorentz scalar field <f> with respect to 
the T 2 symmetry. The conservation for this bianalytic conformal current T(z,lu), leads to write 
the following differential equation 

{logK, {logH, cf>}} = e 2 ^ (95) 

where K = K(z,Q) is an arbitrary bianalytic function of z and Q carrying in general an 
(no, mo) U(l) x U(l) charge. Note also that K is not necessarily the complex conjugate 
of the function H considered earlier. Our experience with conformal field theory and inte- 
grable systems leads to conclude that the later "second order" differential equation is noth- 
ing but the conformal Liouville like equation of motion on the Torus T 2 . This equation of 
motion is known to appear in this context as a compatibility relation with the conservation 
of the stress energy momentum tensor T(z,lo) namely {logK ,T(z,lo)} = or equivalently 
{logK, {logH, cf>}^ } + 2{logH, <j>}{logK, {logH, 0}} = 0. 

We end this discussion by noting the possibility to interpret the obtained diff(T 2 )-Gelfand- 
Dickey symmetries eqsQ corresponding to the nt/i-order Lax differential operator eq.(91) as 
been the classical form of the W n symmetries behind the {sZ n }-Toda like conformal field theory, 
generalizing the diff(S' 1 ) Toda field theory [23] and whose action is assumed to have the following 
form 

/-, n— 1 

' — vn 

d 2 zd 2 u{-{logH, <P}.{logK, <f>} - {-? £ exp^a^)} (96) 
1 p i=i 

In this bosonic Toda field theory on T 2 , the Cartan subalgebra- valued scalar field 4> is given by 

n-1 

4> = a i4>% where fa is an n— component scalar field and i = 1,2, ...,n — 1} are (n — 1)- 

i=l 

simple roots for the underlying Lie algebra Q. the parameters m and (3 are coupling constants. 
The derivatives of the scalar field 4> in the kinetic term are {logH, fa\ and {logH, fa} giving then 
the extension of diff(S' 1 )-derivatives d z (f> and d z (f). The equations of motion that we can derive 
from the Toda action eq.(96) are summarized as follows 

n-1 

(3{logK, {logH, <f>}} + m 2 ^ aiexp{(3ai.(f>)} = (97) 

i=i 

A particular example is given by the {sl 2 } conformal Liouville model eq.(95). 
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